Abstract. Three-dimensional Einstein-Maxwell theory with non trivial asymptotics at null infinity is solved. The symmetry algebra is a VirasoroKac-Moody type algebra that extends the bms3 algebra of the purely gravitational case. Solution space involves logarithms and provides a tractable example of a polyhomogeneous solution space. The associated surface charges are non-integrable and non-conserved due to the presence of electromagnetic news. As in the four dimensional purely gravitational case, their algebra involves a field-dependent central charge.
Introduction
The original studies of four-dimensional asymptotically flat spacetimes at null infinity [1] [2] [3] and its extensions to include the electromagnetic field [4, 5] rely on an expansion in inverse powers of the radial coordinate r of metric components or of spin and tetrad coefficients. In order to guarantee a self-consistent solution space, some of these expansions need well-chosen gaps so as to prevent the appearance of logarithmic terms in r.
In more recent investigations, this assumption has been relaxed. More general consistent solution spaces have been proposed that involve double series with inverse powers and logarithms in r from the very beginning. Details on such "polyhomogeneous spacetimes" can be found for instance in [6] [7] [8] .
Another complication with four-dimensional asymptotically flat spacetimes is that charges associated to the asymptotic symmetry transformations, even though well-defined, are neither conserved nor integrable [9] . Furthermore, when considering a local extension of the asymptotic symmetry algebra [10, 11] , the associated current algebra acquires a field dependent central extensions [12, 13] .
In contrast, three-dimensional asymptotically flat Einstein gravity at null infinity is much easier, in the sense that the expansion in inverse powers of r of the general solution with non trivial asymptotics can be shown [11] to merely consist of leading order terms. The charges are conserved, integrable and r independent [14] , while their algebra involves a constant central extension [15] .
The purpose of the present paper is to study three-dimensional Einstein-Maxwell theory with asymptotically flat boundary conditions at null infinity. This model allows one to illustrate several features of the four dimensional case in a simplified setting. On the one hand, there is a clear physical reason for the occurrence of logarithms as such a term is needed in the time component of the gauge potential in order to generate electric charge. This term leads to a self-consistent polyhomogeneous solution space that includes the charged analog of particle [16] and cosmological solutions [17] [18] [19] [20] . The latter correspond to the flat space limit of the three-dimensional charged rotating asymptotically anti-de Sitter black holes [21] . On the other hand, the asymptotic symmetry algebra is a Virasoro-Kac-Moody type algebra that extends the bms 3 algebra of the purely gravitational case. The associated surface charges turn out to be neither conserved nor integrable due to the presence of electromagnetic news. Furthermore the algebra of surface charges now involves a field dependent central charge, already in three dimensions.
The plan of the paper is the following. In the next section, we work out the asymptotic symmetry algebra along the lines of [22] . In section 3, we present the polyhomogeneous solution space, while section 4 is devoted to the surface charges and their algebra. In the last section, we show that upon switching off the electromagnetic news, not surprisingly, charges become conserved and integrable. Nevertheless, both the asymptotic symmetry algebra and the central charge involve field dependent terms. The appendix contains details on intermediate computations that are omitted from the main text.
Asymptotic symmetries

Asymptotic flatness at null infinity in Bondi gauge
We use coordinates u, r, φ and the gauge fixing ansatz
with U, β, V and A u , A φ functions of u, r, φ. Suitable fall-off conditions that allow for non-vanishing electric charge are
where r 0 is a constant radial scale to handle the divergence from logarithms when r Ñ 8.
Gauge algebra
The gauge structure of Einstein-Maxwell theory can be described as follows. Gauge parameters are pairs pξ µ , ǫq consisting of a vector field ξ µ B µ and a scalar ǫ. A generating set of gauge symmetries can be choosen aś
When the gauge parameters are field dependent, one finds that 4) where the Lie (algebroid) bracket for field dependent gauge parameters is defined through
(2.5)
Residual symmetries
Gauge transformations preserving asymptotically flat configurations are determined by gauge parameters depending linearily and homogeneously on arbitary functions T pφq, Y pφq, Epu, φq according to
where dot and prime denote u and φ derivatives, respectively.
Asymptotic symmetry algebra
Consider the "bms 3 /Maxwell" Lie algebra consisting of triples s " pT, Y, Eq with bracket
This is the asymptotic symmetry algebra of the system in the following sense:
When equipped with the modified bracket (2.5), the parameters (2.6) of the residual gauge symmetries form a realization of the Lie algebra (2.7).
3 Solution space
Lagrangian
We start from the Einstein-Maxwell Lagrangian density in three dimensions
with equations of motion
where
Polyhomogeneous solution space
Given the ansatz
at a fixed time u 0 , the general solution to the Einstein-Maxwell system in three dimensions with the prescribed asymptotics is completely determined in terms of the initial data A 0 φ pu 0 , φq, A mn pu 0 , φq, the news functions A 0 u pu, φq and integration functions ωpφq, λpφq, θpφq, χpφq as follows:
where the functions β mn , U mn , B mn , V mn are determined recursively in terms of the initial data, the news, the integration functions and their φ derivatives. In particular,
Furthermore, the leading parts of the metric and Maxwell fields are given by
Transformations of asymptotic solutions
Asymptotic symmetries transform solutions to solutions. This allows one to work out the transformation properties of the functions characterising asymptotic solution space.
(3.12)
4 Surface charge algebra
Surface charge one-forms
Using the general expressions derived in [23] [24] [25] , the surface charge one form reduces to ¿
and S 8 is the circle at constant u " u 0 and r " R Ñ 8. At this stage, we have used already that expressions in ű S 8 δ {k ξ,ε that are proportional to the exact generalised Killing equations vanish,
when evaluated for solutions and asymptotic symmetry parameters (2.6). As in fourdimensional asymptotically flat pure Einstein gravity [9] , the remaining expression then splits into an integrable part and a non-integrable part proportional to the electromagnetic news, ¿
with Q s rg, As " 1 16πG
Θ s rδg, δA; g, As " 1 4πG 
Charge algebra
Applying the proposal of [12, 13] for the modified bracket of the integrable part of the charges, tQ s1 , Q s2 u "´δ s2 Q s1`Θs2 r´δ s1 g,´δ s1 A; g, As, (4.6)
It is then straightforward to check that the field dependent central extension satisfies the generalised cocycle condition
Switching off the news
In the analysis above, we are in an unusual situation where the asymptotic symmetry algebra depends explicitly and arbitrarily on time through the dependence of E on u. This can be fixed by requiring the news function to vanish, A 0 u " 0. Since asymptotic symmetries need to preserve this condition, we find from (3.12) that E " E´ş
The asymptotic symmetry algebra then becomes time independent, but field dependent since the last of (2.8) gets replaced by
Charges become integrable and conserved: the second, non integrable part vanishes while in the first line of (4.5), E, A 0 φ get replaced byĒ,Ā 0 φ . In order to see this, one has to go back to (4.1) where the second term now contributes to remove the u-dependent terms when using that, on shell, E "Ēpφq´uλpφqY 1 , and A 0 φ " A 0 φ pφq´uλ 1 . Finally, the field dependent central charge becomes 
A Details on computations
A.1 Residual symmetries
Gauge parameters ξ µ that preserve the metric ansatz depend on two arbitary functions T pφq, Y pφq:
• L ξ g uu " oprq implies no further conditions.
The gauge parameter ǫ preserving the gauge and fall-off conditions of the gauge potentials depends on an arbitrary function Epu, φq according to
q " L ξ A φ`Bφ ε imply no further conditions.
A.2 Asymptotic symmetry algebra
We want to show that the gauge parameters (2.6), when equipped with the bracket (2.5), provide a representation of the Lie algebra (2.7). By evaluating L ξ g µν , we find #´δ
Direct computation then shows that
which proves the result since these conditions determine uniquely gauge parameters (2.
A.3 Solution space
The equations of motion can be organized as as follows
When equations (A.3) and (A.4) hold, the electromagnetic Bianchi equation reduces to B r rB ν p ?´g F rν qs " 0. This means that if B ν p ?´g F rν q " 0 for some constant r, it vanishes for all r. The gravitational Bianchi identities can be written as
?´g
When (A.3)-(A.6) are satisfied and µ " r in (A.10), one gets L φφ B r g φφ " 0 which implies L φφ " 0. In this case, the remaining Bianchi identities reduce to
The first one gives B r prL uφ q " 0. This means that if rL uφ " 0 for some fixed r, it vanishes everywhere. Finally, when L uφ " 0, the last Bianchi identity reads B r prL uu q " 0. Thus the only non-vanishing term of rL uu is the constant one.
Accordingly, the equations of motions are solved in the following order:
• 4 main equations:
• 3 supplementary equations:
Starting with L rr " 0, we have g rr " 0, R rr " 2 B r β r , T rr " 2 r 2 pF rφ q 2 . Hence B r β " 1 r pF rφ q 2 and thus β " β 0 pu, φq´ş with θpu, φq a constant of integration.
For j ě 0, we have with n ě 0. These series satisfy S n`1 Ă S n , S n˚S m Ă S n`m , pS n q 1 Ă S n`1 . For integration however, ş dr S n`1 Ă S n , up to constants for n ‰ 0 and the divergent logarithmic term for n " 0.
The ansatz (3.3) belongs to S 0 , up to the divergent logarithmic term proportional to αpu, φq. This implies F rφ P S 1 and β in (A.11), because of the absence of the constant, belongs to S 2 with all coefficients determined by the coefficients αpu, φq, A mn pu, φq of (3.3). Opr´2q, lim rÑ8 B ν p ?´g F rν q " 0 implies 9 λ " 0 so that λ " λpφq. The first of equation (A.28) then implies α "´ωpφq´uλ 1 .
For the second supplementary equation, L ur " 0, we have R uφ " 1 2r pθ
1´9
N qÒ pr´2q and T uφ " Opr´2q. Hence, lim rÑ8 prL uφ q " 0 implies 9 N " θ 1 .
For the last supplementary equation L uu " 0, we have R uu " 9 θ r`O pr´2q and T uu " Opr´2q. lim rÑ8 prE uu q " 0 then implies B u θ " 0 and thus θ " θpφq and then also that N " χpφq`uθ 1 .
